In the framework of quantum electrodynamics (QED) in external potentials, we introduce a method to compute the time-dependence of the expectation value of the current density for time-dependent homogeneous external electric fields. We apply it to the so-called Sauter pulse. For late times, our results agree with the asymptotic value due to electron-positron pair production. For sub-critical peak field strengths, or results agree very well with the general expression derived by Serber for the linearization in the external field. In particular, the expectation value of the current density at intermediate times can be much greater than at asymptotic times. We comment on consequences of these findings for recent proposals to test the Schwinger effect with high intensity lasers using processes at intermediate times.
A crucial prediction of QED in external potentials is the production of electron-positron pairs in sufficiently strong electric fields [1, 2, 3] , the socalled Schwinger effect. This is a non-perturbative effect which is exponentially suppressed for field strengths below the critical field strength E c = m 2 /|e| ∼ 10 16 V/cm. Hence, it seems unrealistic to test it with static fields. More promising are high intensity lasers, cf. the reviews [4, 5] and references therein. However, even the projected high intensity laser facilities may not reach this non-perturbative regime. Hence, the possibility of more indirect tests of the strong field regime of QED has received increasing interest. In particular, it was suggested [6, 7, 8] to consider processes at intermediate times for an experimental verification of the Schwinger effect. This is motivated by the finding that the particle densities, as defined in the framework of the quantum kinetic equation [9] , can be much larger at intermediate times than at asymptotically late times. However, the concept of a particle is ambiguous at intermediate times, where the external potential is nonvanishing and varying; consequently, one speaks of quasi-particles. For a recent discussion of these ambiguities, we refer to [10] . Another framework in which the intermediate time behavior is studied is the Wigner function formalism introduced in [11] , cf. [12] , for example.
While the particle density at intermediate times is ambiguous, the local current density
is unique. To be precise, for a locally gauge covariant definition of the current density, the only ambiguity consists in adding multiples of the external current density [13] , corresponding to a charge renormalization. It can be fixed by requiring that for static external potentials the total vacuum polarization charge vanishes at linear order in the external potential [14, 2] , i.e., the external charges are not renormalized at this order of approximation. The expectation value of the current density (1) is a crucial ingredient in the study of back-reaction effects. In the framework of the quantum kinetic equation, an expression for the expectation value of the current density was given in [15] , cf. also [16] . However, the renormalization prescription used there is not explicitly local, so it is not clear whether it conforms to the requirement of local gauge covariance. 1 For a constant external electric field the expectation value of the current density was studied in scalar and proper QED in [18, 19] . The aim of this paper is to study the time-dependence of the expectation value of the current density (1), henceforth also called the vacuum current density, in a homogeneous time-dependent external electric field. We give a general expression for this quantity and evaluate it for the concrete case of the so-called Sauter pulse,
This external field was studied extensively in the literature, with an emphasis on the asymptotic behavior, i.e., the pair production probability, which was first computed by Narozhnyi and Nikishov [20] . The intermediate time behavior of the quasi-particle number in this system was studied in [21, 22] , using the quantum kinetic equation [9] . However, as already noted, the concept of quasi-particle densities is ambiguous, hence its physical relevance is unclear.
Here, we compute the vacuum current density using Dirac's method [23] of point-splitting w.r.t. the singular part of the two-point function, cf. [17] for a detailed discussion. In this reference, also an explicit prescription for the computation of the vacuum polarization in static external potentials was given. The idea is to consider the limit of coinciding points from the time direction and to rewrite the most singular contributions in the form of an integral over (shifted) vacuum mode densities. The subtraction of these singular parts can thus be performed inside the mode integral, which renders it much less divergent and numerically more tractable. For a homogeneous external electric field along the z-axis, in the gauge A µ (x) = δ µ 3 A(x 0 ), it is advantageous to perform the limit of coinciding points from the z-direction. An analogous rewriting of the singular part of the two-point function then yields the following expression for the vacuum current:
Here f is defined as follows. Consider the properly normalized mode solu-
in the presence of the external potential, which coincide with the positive/negative energy modes at asymptotically early times. Here s is a spin label, p a three-momentum, and x = (x 0 , x). Then f (p 3 , x 0 ) is defined as
f 0 is defined analogously, but for the standard mode solutions in the absence of external potentials. The second term in (3) can be seen as the subtraction of the vacuum contribution, with an appropriate shift in the momentum, whereas the third term cancels a remaining logarithmic divergence in the presence of an external current J 3 = ∂ λ F 3λ . As discussed below (1), we fix the length scale Λ = 4/(γm) 2 , cf. [2] . The mode solutions ψ ± p,s for the Sauter pulse (2) are explicitly known [20] , so the expression (3) can be evaluated numerically rather straightforwardly. For super-critical peak field strengths E 0 > E c , we find that the vacuum current density at intermediate times increases quasi-monotonically to its asymptotic value, even for very short pulses, 2 cf. Fig. 1 . Furthermore, the slope of the vacuum current density is largest approximately where the field strength has its maximum, as one might expect. Note that also the asymptotic value is shown, as computed by integrating the pair production probability density P (p) of Narozhnyi and Nikishov [20] with the group velocity v(p). The vacuum current density nicely converges to this asymptotic value. Using the intermediate time quasi-particle densities of [21] to compute a vacuum current density by a formula due to [15] , cf. also [21] , one finds the same behavior as in Figure 1 . For sub-critical peak field strengths E 0 < E c , we find that the vacuum current density at intermediate times can be much larger than at asymptotically late times, cf. Fig. 2 , where the asymptotic current density is about three orders of magnitudes smaller than at intermediate times. Furthermore, for very short pulses, it oscillates after the passing of the pulse with a period of about half the Compton time of the electron. This seems to corroborate the finding of [6] that the quasi-particle densities at intermediate times can be much greater than at asymptotic times. Furthermore, one may envisage that, by back-reaction, such an oscillating current could emit photons (of course not in the case of a homogeneous field) of energy corresponding to two electron masses, being the analog of the "one-photon annihilation channel" studied in [24] . Again, our results agree with those obtained by using the intermediate time quasi-particle densities and the expression for the current density from [15] . In that approach, the current decomposes in two components, a conduction and a polarization current. These are interpreted as being due to the movement of the quasi-particles, and the creation of electron-positron pairs, respectively. In this decomposition, the current in the sub-critical case shown in Figure 2 is nearly entirely due to polarization.
However, we point out that, as shown in Figure 2 , in the sub-critical case the vacuum current density is very well described by the general expression derived by Serber [25] for the linearization in the external field:
Here J is the external current density and K vanishes outside of the forward light cone and is given by 3
inside, with J 1 being a Bessel function. This is the generalization of Uehling's expression for the vacuum polarization [26] to time-dependent external fields. Heuristically, in time-dependent situations, it can be thought of as the current due to a rearrangement of the Uehling vacuum polarization clouds. 4 A similar expression was found by Schwinger [27] , who, however, assumed an external potential vanishing in the past and the future, a condition not fulfilled in the present case. We note that in the example shown in Figure 2 the adiabaticity parameter mω/|eE| is larger than one, indicating that the pair production probability is dominated by multi-photon processes [28] . Nevertheless, the vacuum current density at intermediate times is very well described by the linear approximation. We also note that the asymptotic value of Serber's expression for the vacuum current density vanishes. This follows from the Riemann-Lebesgue lemma and the integrability of the Fourier transform of K at its singularity p 2 = 4m 2 . While it is comforting that our results are in agreement with Serber's expression (4), this also means that attempts to verify QED in external potentials using intermediate time processes and sub-critical field strengths face the problem that a non-vanishing external current is needed in order to obtain sizable currents at intermediate times in the linear approximation. Often, cf. [28] and the reviews [4, 5] and references therein, pair production effects in time-dependent external potentials are computed for a homogeneous electric field with sinusoidal time dependence, which is supposed to be a model for a standing electromagnetic wave near the node of the magnetic field. However, Serber's equation (4) shows that at least for sub-critical potentials, there is a qualitative difference between external potentials with and without a current. Hence, regarding linear effects, a homogeneous oscillating electric field does not seem to be a good model for a standing Figure 1 , but for sub-critical peak field strength E 0 = 0.1E c . Now the red line is the prediction from Serber's equation (4) . The external current density, divided by 1000, is shown in blue.
electromagnetic wave. A similar conclusion, based on numerical solutions of the Dirac equation in external potentials, was drawn in [29] . The oscillatory behavior of the current shown in Fig. 2 is a manifestation of the oscillatory nature of K, cf. Fig. 3 . Clearly, for external currents that vary on time-scales much larger than the Compton time of the electron, these oscillations are strongly damped. Following Schwinger [27] , one may then write the vacuum current density as
for certain constants c n (which can also easily be obtained by expanding the function χ(k) of Serber [25] around k = 0). In this approximation, the vacuum current is a linear combination of even derivatives of the external current. Still, it will in general be much larger than the asymptotic current. For an oscillating electric field E = E 0 sin ωt, the vacuum current will, in the linear approximation, be a frequency dependent multiple of the external current. It is plausible that the enhanced quasi-particle number densities reported for intermediate times for this external field [6] are a reflection of the vacuum current, whose presence at the linearized level is due to the external current.
To summarize, we have introduced a method to compute the expectation value of the current density (1) in QED in external time-dependent potentials also at intermediate times. Our results for the Sauter pulse (2) are compatible both with Serber's general expression (4) in the case of a sub-critical peak field strength and with the asymptotic results of Narozhny and Nikishov. Our results also agree with those obtained by using the quasiparticle densities of [21] and the expression for the current density due to [15] . Based on these findings, we conjecture that the enhanced quasi-particle densities reported for intermediate times in the framework of the quantum kinetic equation are an artifact of using external fields with a current.
